Abstract Dirac equation for a general black hole metric having a cosmic string is derived. The quasi-normal mode frequencies for Schwarzschild, RN extremal, SdS and near extremal SdS black hole space-times with cosmic string perturbed by a massless Dirac field are obtained using WKB approximation and found that in all these cases, decay is less in black holes having cosmic string compared to black holes with out string.
Introduction
Though black holes are natural solutions of Einstein's general theory of relativity, they are yet to be discovered. Various theoretical models to account for their discoveries have been proposed. The study of quasi-normal modes of black holes is one among them. It is proposed that topological defects, such as strings, monopoles etc might have been created in the very early universe [1] . Among the topological defects, cosmic string has been proved to be the most potential one for cosmic structure formation. The possibility of having strings in the early universe has been suggested by Kibble in 1976 [2] . Cosmic strings seem to be of particular interest because they provide a unique tool to learn the physics of the very early universe and are considered as a possible "seed" for galaxy formation [3, 4] and as a possible gravitational lens [5] .
In this paper we consider black holes with the strings [6] . A black hole is distinguished by the fact that no information can escape from within the event horizon and hence the presence of black holes can be inferred only through indirect methods. The question of stability of black hole was first treated by Regge and Wheeler [7] who investigated linear perturbations of the exterior Schwarzschild space-time. Further work on this problem [8] led to the existence of quasi-normal modes(QNMs) and to the studies of the response of a black hole to external perturbations. Studies on perturbations of black holes by gravitational and matter fields have an important place in black hole physics. Since QNMs depend on black hole properties such as mass, angular momentum and charge, they allow a direct way of identifying the space-time parameters.
The QNMs of scalar perturbations around a Schwarzschild black hole pierced by a cosmic string was done earlier [9] . In the present work we study the influence of cosmic string on the QNMs of various black hole background space-times which are perturbed by a massless Dirac field. In section 2, we study the Dirac equation in a general spherically symmetric space-time with a cosmic sting and its deduction into a set of second order differential equations. In Section 3 we evaluate the Dirac quasi-normal frequencies for the massless case using WKB scheme for Schwarzschild, RN extremal, SdS and near extremal SdS black hole space-times.
2 General metric for a black hole with cosmic string space-time perturbed by a Dirac field
The metric describing a spherically symmetric black hole with a cosmic string can be written as [6] ,
It can be constructed by removing a wedge, which is done by requiring that the azimuthal angle around the axis runs over the range 0 < φ ′ < 2πb, with φ ′ = bφ where φ runs over zero to 2π. Here b = 1 − 4μ withμ being the linear mass density of the string. Following the procedure adopted in reference [10] , we develop the Dirac equation in a general background space-time. We start with the Dirac equation;
where m is the the mass of the Dirac field. Here
and
where γ a are the Dirac matrices,
and σ i are the Pauli matrices. e a ν is the tetrad given by, ; e θ θ = r, e φ φ = br sin θ.
The inverse of the tetrad e a ν is defined by,
with η ab = diag(−1, 1, 1, 1), the Minkowski metric. The spin connection Γ µ is given by
where e bν ;µ = ∂ µ e bν + Γ ν κµ e bκ is the covariant derivative of e bν . The spin connections for the above metric are obtained as,
Substituting the spin connections in Eq. (2) we will get , 
Dirac equation can be separated out into radial and angular parts by the following substitution,
The angular momentum operator is introduced as, [10] 
such that,
where
. Here k is a positive or a negative nonzero integer with l = |k + , where l is the total orbital angular momentum. The cosmic string presence is codified in the eigenvalues of the angular momentum operator [11] . Substituting Eqs. (15) and (17) in Eq. (14), we will get radial equation which contains γ 0 and γ 1 . As γ 0 and γ 1 can be represented by 2 × 2 matrices, we write the radial factor R(r) by a two component spinor notation,
Then the radial equation in F an G are given by,
Introducing a co-ordinate change as,
Eq.(19) and Eq.(20) can be combined into a single equation as,
Defining, Ĝ
where for positive value of k,
Eq.(22) now becomes,
(25) By making another change of the variable;
Eq.(25) can be simplified to,
i.e,
Thus from Eq.(28), we will get two coupled equations forĜ andF which are given bellow,
From Eq. (30) and Eq. (31), we can evaluate the quasi-normal mode frequencies for various black hole space-times. Here V 1 and V 2 are the super symmetric partners derived from the same super potential W [12] and these potentials give same spectra of quasi-normal mode frequencies.
Quasi-normal mode frequencies
We shall now evaluate the quasi-normal frequencies for various black hole space-times perturbed by a massless Dirac field using WKB approximation. As V 1 and V 2 give same spectra of quasi-normal mode frequencies we avoid the subscripts and write V for the potential function. Thus, for massless case the equation for the potential given by Eq.(32) becomes,
Schwarzschild black hole
We first consider the most simple black hole, viz., the Schwarzschild black hole for which,
Substituting the above f in Eq.(33) we get,
where M is the mass of the Schwarzschild black hole. The effective potential V which depends on the absolute value of k b , is in the form of a barrier. The peak of the barrier gets higher and higher as |k| increases for fixed b values. We repeat the calculation for different b values (b = 1, 0.5, 0.1), and find that the height of the potential increases with b values decreasing. i.e, the presence of the cosmic string, causes an increase in the height of the potential (Fig.  1) . To evaluate the quasi-normal mode frequencies, we use the WKB approximation [13, 14, 15] . This method can be accurate for both the real and imaginary parts of the frequencies for low lying modes with n ≺ k, where n is the mode number and k is the angular momentum quantum number. The formula for complex quasi-normal mode frequencies E in the WKB approximation, carried out to third order is,
Here
where the values of n lie in the range: 0 ≤ n < k. Plugging the effective potential in Eq.(35) in to the formula given above, we obtain the complex quasi-normal mode frequencies for Schwarzschild black hole having cosmic string perturbed by a massless Dirac field. The values of Re(E) and Im(E) calculated for different values of b are given in Table 1 .
For a fixed b value, Re(E) decreases as the mode number n increases for the same angular momentum quantum number k and |Im(E)| increases with n. This indicates that quasi-normal modes with higher mode numbers decay faster than the low-lying one. The variation of mode frequencies for a fixed k and changing the b values are shown in Fig. 2 . When the cosmic string effect is large, i.e when b is small, Re(E) increases and |Im(E)| decreases for a fixed k [ Table 1 ]. This implies that the decay is less in the case of Schwarzschild black hole having cosmic string compared to the case of black hole without string. For b = 1 case, we obtain the same results given in Ref. [16] where the quasi-normal modes of Schwarzschild black hole perturbed by a massless Dirac field was calculated.
RN extremal black hole
Now we will consider RN extremal black hole for which,
Substituting the above f in Eq.(33) we will get,
Here the barrier potential V depends on the absolute value of k b and for a fixed b value, the peak of the barrier gets higher and higher as |k| increases. We now take 3 different values for b(b = 1, 0.5, 0.1) and from Fig. 3 it is found that the presence of the cosmic string causes an increase in the peak of the potential. When the effective potential given in Eq.(42) is substituted in Eq.(36), we will get the complex quasi-normal mode frequencies of RN extremal black hole perturbed by a massless Dirac field [ Table 2 ].
Here also we find, for a fixed b value, Re(E) decreases while |Im(E)| increases with the mode number n increasing for the same angular momentum eigenvalue k. This means that quasi-normal modes with higher mode numbers decay faster than the low-lying ones. For a fixed k, the variation of mode frequencies with b values are shown in Fig. 4 . When b < 1, i.e, when the cosmic string is present, Re(E) increases and |Im(E)| decreases for a fixed k, compared to the b = 1 case [ Table 2 ]. Thus compared to RN extremal black hole, the decay is less in the case of RN extremal black hole having cosmic string. 
Schwarzschild-de Sitter black hole
We will now take the case of SdS black hole and see how the quasi-normal modes are effected when the cosmic string pierces a SdS black hole. The metric is,
where M denotes the black hole mass and a 2 = 3 Λ , Λ being the cosmological constant. The space-time possesses two horizons: the black-hole horizon at r = r b and the cosmological horizon at r = r c . The function f has zeros at r b , r c and r 0 = −(r b + r c ). Substituting the above f in Eq.(33), we will get 36), we obtain the complex quasi-normal modes for SdS black hole with cosmic string perturbed by a massless Dirac field. Quasi-normal modes of SdS black hole with cosmic string for various b values are shown in Table 3 .
Here for a fixed b value, Re(E) and |Im(E)| show similar behavior as those of Schwarzschild and RN extremal black holes having cosmic string. The variation of mode frequencies for a fixed k with different b values are shown in Fig. 6 . From Table 3 , we can see that the behavior of |Im(E)| for n = 0 mode is different from the behavior of |Im(E)| for non zero values of n. From this table we can see that the decay is less in the case of SdS black hole having cosmic string. 3.4 Near extremal Schwarzschild-de Sitter black hole.
As a last example, we consider near extremal SdS black hole, which is defined as the space-time for which the cosmological horizon r c is very close to black hole horizon r b , i.e, rc−r b r b << 1. For this space-time, one can make the following approximations, Furthermore, since r is constrained to vary between r b and r c , we get r −r 0 ∼ r b − r 0 ∼ 3r b and thus
Substituting Eq.(46) in Eq.(33), we get,
(47) From Fig. 7 we can see that the height of the potential increases when the effect of cosmic string increases. Table 4 ].
We can see that for a fixed b value, Re(E) remains same and |Im(E)| increases as the mode number n increases for the same k value. The behavior of mode frequencies by changing the b values for a fixed k are shown in Fig. 8 . When b is small, i.e, when the effect of cosmic string is high, Re(E) increases while |Im(E)| have almost same but with very small decreases for a mode of fixed k value [ Table 4 ]. The decay is less in the case of near extremal SdS black hole having cosmic string.
Conclusion
We have evaluated the quasi-normal mode frequencies for Schwarzschild, RN extremal, SdS and near extremal SdS black hole space-times having cosmic string perturbed by a massless Dirac field. In all these cases, we have found that quasi-normal modes with higher mode numbers decay faster than the low-lying ones. We have also found that, when the effect of cosmic string is high, |Im(E)| decreases while Re(E) increases for fixed k implying that the decay is less when cosmic string is present.
